Abstract. We record an answer to the question "In which dimensions is the connected sum of two closed almost complex manifolds necessarily an almost complex manifold?". In the process of doing so, we are naturally led to ask "For which values of ℓ is the connected sum of ℓ closed almost complex manifolds necessarily an almost complex manifold?". We answer this question, along with its non-compact analogue, using the twisted spin c Dirac operator and obstruction theory. Finally, we partially extend Datta and Subramanian's result on the nonexistence of almost complex structures on products of two even spheres to rational homology spheres.
Introduction
Question. In which dimensions is the connected sum 1 of two closed almost complex manifolds necessarily an almost complex manifold?
The answer to this question seems to be known, but we take this opportunity to record it in detail.
In dimensions 2 and 6, we know that the connected sum of two (not necessarily closed) almost complex manifolds is almost complex. In dimension 2, every orientable manifold is almost complex, and for a smooth orientable six-manifold, the only obstruction to admitting an almost complex structure is the third integral Stiefel-Whitney class W 3 [12] , which is additive under connected sum.
In dimensions 4m, Hirzebruch used his χ y -genus to show that the Euler characteristic and signature of a closed almost complex manifold M satisfy χ(M) ≡ (−1) m σ(M) mod 4 [7, p.777 ]. Suppose we have two such manifolds M and N of dimension 4m. Then χ(M#N) = χ(M)+χ(N)−2 and σ(M#N) = σ(M)+σ(N), so we see that χ(M#N) ≡ (−1) m σ(M#N) mod 4. Therefore M#N never admits an almost complex structure. Unlike in the previous case, in dimensions of the form 4m + 2 > 6, there are examples of almost complex manifolds such that their connected sum is again almost complex. For example, consider the smooth manifold CP 2m+1 . It admits an orientation-reversing diffeomorphism [z 1 , . . . , z 2m+2 ] → [z 1 , . . . , z 2m+2 ], so there is an orientation-preserving diffeomorphism between the connected sum CP 2m+1 #CP 2m+1 and CP 2m+1 #CP 2m+1 , and the latter admits a complex structure as the blowup at a point of the standard complex structure on CP 2m+1 . However, there are also examples of almost complex manifolds such that their connected sum does not admit an almost complex structure. For example, consider the Calabi-Eckmann complex manifold whose underlying smooth manifold is the standard S 2m+1 × S 2m+1 . If the connected sum X = (S 2m+1 × S 2m+1 )#(S 2m+1 × S 2m+1 ) were to admit an almost complex structure, then the Chern classes c i (T X), 1 ≤ i ≤ 2m would be trivial since they would reside in trivial cohomology groups. As for the top Chern class c 2m+1 (T X) ∈ H 4m+2 (X; Z) ∼ = Z, it integrates to the Euler characteristic, which is −2. Likewise we see that all the Pontryagin classes of the underlying smooth manifold would have to be trivial. Since an almost complex structure induces a canonical spin c structure, we can form the twisted spin c Dirac operator / ∂ c T X which has index
Due to the triviality of the Pontryagin classes, we obtainÂ(T X) = 1, and due to the triviality of c 1 (T X), . . . , c 2m (T X) we obtain exp(c 1 (T X)/2) = 1 and ch(T X) = dim X +
∈ Z, but this is impossible since m > 1. So we see that X does not admit an almost complex structure.
Therefore, we have an answer to the initial question.
Answer. The connected sum of any two closed almost complex manifolds is again almost complex only in dimensions 2 and 6.
A remark of this form can be found in [4] , though in the references therein they ask for an almost complex structure on the connected sum which extends given almost complex structures on the summands, so the conclusion here is stronger.
Much more can be deduced from the last argument. First of all, the two summands could have been two different products of odd spheres; note, they all admit complex structures, e.g. Hopf manifolds and Calabi-Eckmann manifolds. In fact, the divisibility criterion shows that the conclusion holds for any manifold homotopy equivalent to a connected sum of ℓ such manifolds provided ℓ ≡ 1 mod
Question. For which values of ℓ is the connected sum of ℓ closed almost complex manifolds necessarily an almost complex manifold?
As we saw when answering the previous question, the values of ℓ will depend on the dimension. In particular, ℓ = 2 works for dimensions 2 and 6, but not in any other dimension. The argument in the case of 4m + 2 > 6 shows that we necessarily have ℓ ≡ 1 mod (2m)! in these dimensions. In Section 2, we prove the following theorem which answers the above question:
Theorem. The connected sum of ℓ closed almost complex manifolds of dimension n is again almost complex if
• n = 4m, and ℓ = 1, • n = 8k + 2, and ℓ ≡ 1 mod (4k)!,
• n = 8k + 6, and ℓ ≡ 1 mod
For every other value of ℓ, there exist collections of ℓ closed almost complex manifolds of the appropriate dimension whose connected sum does not admit an almost complex structure.
In order to establish this result, we need to rule out certain values of ℓ, which we do by considering the Calabi-Eckmann manifolds with underlying smooth manifold structure the standard S 2m+1 × S 2m+1 and using a result of Yang [15] . In stark contrast to the above, if the summands are allowed to be non-compact manifolds, we obtain the following:
Theorem. The connected sum of any finite collection of almost complex manifolds of the same dimension is again almost complex if at least one of them is non-compact.
In our previous paper [1] , the twisted spin c Dirac operator was used to extend Borel and Serre's famous result [2] on the classification of almost complex spheres to rational homology spheres. Given the prevalence of products of two spheres in the above, we apply the same technique to products of two rational homology spheres. In Section 3, we obtain the following partial generalisation of Datta and Subramanian's result [3] on the nonexistence of almost complex structures on products of two even-dimensional spheres:
Theorem. Let M and N be rational homology spheres of dimensions 2p and 2q respectively.
(a) If p and q are even, then M × N does not admit an almost complex structure.
2 × N admits an almost complex structure if and only if q = 1, q = 2, or q = 3 and N is spin c .
Connected sums of almost complex manifolds
Now we address the second question in the introduction. We will consider separately dimensions of the form 4m and 4m + 2.
2.1. Dimensions of the form 4m. We show by example that there is no ℓ > 1 for which the connected sum of any ℓ almost complex 4m-manifolds is ensured to be almost complex. Consider S 1 × S 4m−1 , which admits a complex structure under which it is known as a Hopf manifold. Let ℓ ≥ 2 be arbitrary, and consider the ℓ-fold connected sum
. The Pontryagin classes p 1 , . . . , p m−1 of this manifold vanish for degree reasons, and so by the Hirzebruch signature formula p m must vanish as well, since the signature is zero and the leading coefficient in the Hirzebruch L-polynomial is non-zero [8, p.12] . (Alternatively, the Pontryagin classes vanish because the manifold is stably parallelisable; cf. Proposition 2.2). The Chern classes c 1 , . . . , c 2m−1 of any almost complex structure on this manifold would also vanish for degree reasons, and c 2m would evaluate to the Euler characteristic when paired with the fundamental class.
does not admit an almost complex structure. Note that this argument would go through for any ℓ closed almost complex manifolds with the same rational cohomology as a product of two odd-dimensional spheres (so in particular, for any collection of Calabi-Eckmann manifolds); although the intermediate Chern and Pontryagin may be torsion in this case, the equality p m = 2(−1) m c 2m still holds.
Remark 2.1. For any even number ℓ, the connected sum of ℓ closed almost complex 4m-manifolds will never admit an almost complex structure; this follows from the congruence χ ≡ (−1) m σ mod 4. For any odd number ℓ, the connected sum # ℓ i=1 CP 2m admits an almost complex structure [5] . So, there exist particular examples where a connected sum of ℓ closed almost complex manifolds admits an almost complex structure (provided ℓ is odd).
2.2.
Dimensions of the form 4m + 2. In these dimensions, we shall see that there are numbers ℓ, depending on the dimension, which answer the above question. First we recall the following description of the stable tangent bundle of a connected sum, proven in detail in [ 
We will make use of the following observation: Corollary 2.3. If M and N admit stable almost complex structures ω M and ω N , then M#N admits a stable almost complex structure ω M #N such that
Proof. Since M and N are stably almost complex, there are integers k and l such that
admits the structure of a complex vector bundle, and as oriented real vector bundles we have
admits the structure of a complex vector bundle (so that the resulting complex vector bundle is isomorphic, as a complex bundle, to p *
, and so M#N admits a stable almost complex structure, which we denote ω M #N . Now by naturality and the Cartan formula for Chern classes, we have the following for any m ≥ 1:
In the last equality, we used that in degrees strictly between 0 and d we have im p * M · im p * N = 0. Now we note that if we have a stable almost complex structure ω on a closed manifold M, then there exists an almost complex structure on the non-compact manifold M −{pt} which induces a stable almost complex structure isomorphic to ω| M −{pt} upon stabilisation, and extends to a stable almost complex structure over M which is isomorphic to ω. This is remarked on in [9, p. 345, paragraph 2], but we include the details for the convenience of the reader.
Lemma 2.4. On a non-compact 2n-manifold X with stable almost complex structure ω X , there is an almost complex structure J such that the map X J −→ BU(n) → BU is homotopic to X ω X −→ BU (i.e. J induces a stable almost complex structure isomorphic to ω X ).
Proof. Since X has the homotopy type of a finite-dimensional cell complex, the stable almost complex structure ω on T X is given by a lifting of the composition X→BSO(2n) → BSO(2n+ 2N) through the map BU(n+ N) → BSO(2n+ 2N) for some N (corresponding to T X ⊕ ε 2N R being a complex bundle), where the map X → BSO(2n) represents the real tangent bundle T X. Consider the following diagram (we label all the mentioned maps for ease of reference):
We wish to find a map X
Since the homotopy fiber of BU(n) i U → BU(n + N) has the homotopy type of the Stiefel manifold of complex N-frames in C n+N , which is 2n-connected, the map i U induces a bijection on homotopy classes of maps [X, BU(n)] → [X, BU(n + N)] and so we have a (unique) lift J of ω X through i U . Now we check that J is a lift of φ, i.e. j n J ∼ φ. Since i U J ∼ ω X , we have ji U J ∼ jω X . Therefore, because i SO j n = ji U , we have i SO j n J ∼ i SO φ, i.e. the two maps j n J and and φ are lifts of the same map (up to homotopy) X → BSO through the map BSO(2n) Indeed, we obtain an almost complex structure J on M − {pt} such that M − {pt}
→ BU, and so applying the homotopy extension property to the inclusion of M − {pt} into M yields the desired extension.
We also observe that the above lemma, combined with the fact that the connected sum of stably almost complex manifolds is stably almost complex, gives us the following observation:
Theorem 2.5. The connected sum of any finite collection of almost complex manifolds of the same dimension is again almost complex if at least one of them is non-compact.
Returning to the compact case, we consider separately dimensions of the form 8k + 2 and 8k + 6. 
Here o(S 8k+2 ) denotes the obstruction to extending an almost complex structure on S 8k+2 − {pt} to all of S 8k+2 ; this obstruction does not depend on the almost complex structure [9, p. 339] (4k + 2)!. We can easily produce additional examples of collections of (4m + 2)-dimensional closed almost complex manifolds for which the connected sum is not almost complex for ℓ ≡ 1 mod Proof. Indeed, the index theorem for the twisted spin c Dirac operator gives us, as in the introduction, that the Euler characteristic χ(M i ) must be divisible by (2m)! for each i (note that all Pontryagin classes and Chern classes other than c 2m+1 are torsion for degree reasons). Now, χ(#
, and if # ℓ i=1 M i were to admit an almost complex structure, again by the index theorem we conclude that
Remark 2.9. Note that when m is even, m = 2k, Proposition 2.8 does not address whether the connected sum of ℓ such (8k + 2)-manifolds admits an almost complex structure for ℓ ≡ 1 mod
In the case of ten-manifolds, i.e. k = 1, using results of Heaps [6, Theorem 2(b) and Proposition 3.5] along with Corollary 2.3 we obtain a partial result:
M i admits an almost complex structure if and only if ℓ ≡ 1 mod 24. In fact, we can replace the factor spheres by integer homology spheres of the same dimension (cf. Section 3).
3. Almost complex structures on the product of two rational homology spheres
The question of which spheres admit almost complex structures was answered by Borel and Serre [2] :
Theorem. The only spheres which admit almost complex structures are S 2 and S 6 .
Using the index of the twisted spin c Dirac operator, the current authors were able to answer the analogous question for rational homology spheres [1, Theorem 2.2] .
Theorem. A rational homology sphere M admits an almost complex structure if and only if dim M = 2 (i.e. M = S 2 ), or dim M = 6 and M is spin c .
The problem of which products of two spheres admit an almost complex structure separates into two cases: when both spheres are odd-dimensional, and when both spheres are even-dimensional. In the first case, almost complex structures always exist because the manifolds are parallelisable; in fact, such manifolds admit integrable almost complex structures, e.g. Hopf manifolds and Calabi-Eckmann manifolds. The second case was addressed by Datta and Subramanian in [3] .
Theorem 3.1. The only products of even-dimensional spheres which admit almost complex structures are S 2 × S 2 , S 2 × S 4 , S 2 × S 6 , and S 6 × S 6 .
In the paper, the authors remark that their result only applies to the standard smooth structures on spheres as they use the stable triviality of the tangent bundle. However, exotic spheres also have stably trivial tangent bundle as shown by Kervaire and Milnor [11, Theorem 3.1] , so the theorem can be extended to allow any smooth structures on the factor spheres. The spheres S 2 and S 6 have a unique smooth structure, while it is a famous open problem as to whether or not S 4 admits exotic smooth structures. However, for any hypothetical choice of smooth structure on S 4 , the manifold S 2 × S 4 admits an almost complex structure as it is a spin c six-manifold. Note, it's possible that there is a product of even-dimensional topological spheres not on the above list which admits a non-product smooth structure for which an almost complex structure exists.
The twisted spin c Dirac operator can be used to address the rational analogue of this question, namely: Which products of two rational homology spheres admit almost complex structures? As was shown in [1] , there are non-spin c rational homology spheres in every dimension greater than four, so for most choices of dimensions m ≤ n, there are examples of rational homology spheres M and N such that M × N is not spin c and hence does not admit an almost complex structure. In fact, the only cases of m and n where any choice of rational homology spheres gives a product which admits an almost complex structure are (m, n) = (1, 1), (1, 3) , (2, 2) , and (2, 4). So, a natural question to ask is: For which dimensions m and n do there exist rational homology spheres M and N with M × N almost complex? As before, this separates into two cases depending on the parity of the dimensions.
If both dimensions are odd, there are always examples, namely spheres themselves. In fact, as integral homology spheres are stably parallelisable (see [10, p.70] , and [13] for a detailed explanation), the product of two odd-dimensional integral homology spheres is parallelisable and hence admits an almost complex structure.
If both dimensions are even, we have the following (partial) result: It follows that if p is even, then a = 0, and if q is even, then b = 0. So if p and q are both even, we arrive at a contradiction as the coefficient of uv is 8 = 0; this establishes case (a). If p is odd and q is even, then we have b = 0. For p > 1, the class c 1 (T (M × N)) is torsion, and hence, recalling that the Pontryagin classes of T (M × N) are also torsion, Problem 3.3. Let M and N be rational homology spheres with dim M = 2p and dim N = 2q where p and q are odd. If M × N admits an almost complex structure, is it necessarily the case that dim M, dim N ∈ {2, 6}?
